Abstract: This paper considers the problem of delay-dependent non-fragile H∞ control for a class of linear systems with interval time-varying delay. Based on the direct Lyapunov method, an appropriate Lyapunov-Krasovskii functional (LKF) with triple-integral terms and augment terms is introduced. Then, by using the integral inequalities and convex combination technique, an improved H∞ performance analysis criterion and non-fragile H∞ controller are formulated in terms of linear matrix inequalities (LMIs), which can be easily solved by using standard numerical packages. At last, two numerical examples are provided to demonstrate the effectiveness of the obtained results.
Introduction
Time-delay is frequently a source of instability and poor performance, which is often encountered in various physical and engineering systems such as chemical engineering systems, biological systems, economic systems and networked control systems and so on. Hence, the subject of the stability analysis of systems with time-varying delay has received considerable attention in the past few years (see e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] , and the references therein).
It is well known that the problem of H∞ control has long been an important and challenging research topic in the control community. Therefore, in the past years, much attention has been paid to the H∞ control problem for timedelay systems. Depending on whether the existence conditions of H∞ controller include the information of delay or not, the existing results on H∞ control for time-delay systems can be classified into two types: delay-independent ones and delay-dependent ones. Since delay-dependent ones are generally less conservative than delay-independent ones especially for system with small size delays. Hence, considerable attention has been paid to the delay-dependent stability [12−19] . Usually, the H∞ performance index and the upper bound of the delay are two performance indices, which are used to evaluate the conservativeness of the stability conditions. For a prescribed upper bound of the delay, the smaller the value of performance index is the better the stability conditions are. For a prescribed performance index, the larger the value of upper bound is, the less conservative the stability conditions are.
Brief paper Manuscript received December 12, 2013 ; revised March 13, 2014 This work was supported by National Natural Science Foundation of China (Nos. 61074072 and 61374120). In practice, however, owing to the A/D conversion, D/A conversion, finite word length and round-off errors in numerical computations, there are often some perturbations appearing in the feedback controller gain, which may result from either the actuator degradations or the requirements for readjustment of controller gains during the controller implementation stage. So, it is necessary and reasonable that any controller should be able to tolerate some level of controller gain variations. Following this idea, in recent years, the non-fragile control problem has attracted the interest of many researchers. For example, the problems of robust non-fragile H∞ control for stochastic systems with time-varying delay had been investigated in [20] [21] [22] . The problems of non-fragile guaranteed cost control for stochastic systems with time-varying delay had been studied in [23] [24] [25] . The H∞ non-fragile observer-based control for uncertain time-delay systems had been presented in [26] [27] [28] . However, all these techniques assume that the delay-range varies from zero to an upper bound. Nevertheless, in certain time-delay systems, like networked control systems, the delay-range may have a non-zero lower bound. In this case, the criteria in the previous work are conservative since they do not take into account information of the lower bound of delay.
Recently, the triple integral forms of LyapunovKrasovskii functional (LKF) for stability of time-varying delays were proposed [4, 5] , and showed its improvement of maximum delay bounds. Inspired by the works of [4, 5] , in this paper, we contribute to the improvement of the H∞ performance and non-fragile H∞ control for a class of linear systems with interval time-varying delay. Based on the direct Lyapunov method, a new LKF with triple integral terms involving lower and upper bounds of interval time-varying delays have been introduced, and combining it with the newly established integral inequality, an improved H∞ performance analysis criterion and non-fragile H∞ controller are formulated in terms of linear matrix inequalities. The improved results are mainly attributed to the appropriate LKF and tighter bounding technique for dealing with the cross-terms that emerge from the time derivative of the LKF. Numerical examples are given to illustrate the effectiveness of the proposed method. The remainder of the paper is organized as follows. Section 2 states the problem formulation. Section 3 and Section 4 provides the improved results for H∞ performance and non-fragile H∞ controller. Two examples are illustrated in Section 5 to show the effectiveness of the proposed approaches, and the paper is concluded in Section 6.
Problem formulation
Consider a class of linear systems with interval timevarying delay described by 
where h1, h2 and μ are known constants. For a prescribed scalar γ > 0, we define the performance index as
This paper is concerned with the problems of non-fragile H∞ control for linear systems with interval time-varying delay. Our attention is paid to the design of a memoryless non-fragile state feedback controller:
where K(t) = K + ΔK(t) and K is the controller gain, ΔK is a perturbed matrix, which is assumed to be
where Dc and Ec are known real constant matrices with appropriate dimensions, the time-varying uncertain matrix
The purpose of this paper is to develop a delay-dependent H∞ conditions such that, for any h(t) satisfying (2) or (3): 1) The closed-loop system is asymptotically stable for ω(t) = 0.
2) The closed-loop system guarantees under zero initial condition ||z(t)||2 < γ||ω(t)||2 for all nonzero ω(t) ∈ L2 [0, ∞) and a prescribed scalar γ > 0.
To end this section, we introduce the following lemmas, which are important for deriving the main results.
Lemma 1 [2] . For any constant matrix 
where
Lemma 2 [7] . Suppose r1 ≤ r(t) ≤ r2, where r(t) : R+ → R+, then, for any R = R T > 0, the following integral inequality holds:
where T and Y are free matrices of appropriate dimensions. Lemma 3 [9] . Suppose γ1 ≤ γ(t) ≤ γ2, where γ(·): R+ → R+. Then, for any constant matrices Ξ1, Ξ2 and Ω with proper dimensions, the following matrix inequality
holds, if and only if
Lemma 4 [3] . Given matrices Q = Q T , H, E, and R = R T with appropriate dimensions, the inequality
holds for all F satisfying F T F ≤ R, if and only if there exists some scalar ε > 0 , such that
In this section, we will establish a less conservative delay dependent stability criterion for the following unforced system:
Theorem 1. Given scalars γ > 0, 0 ≤ h1 ≤ h2, and μ, the system (7) with conditions (2) and (3) is asymptotically stable and satisfying ||z(t)||2 ≤ γ||ω(t)||2 for any nonzero ω(t) ∈ L2[0, ∞), under the zero initial condition if there exist real symmetric positive definite matri-
free matrices S1, S2, Ya, Ta (a = 1, 2, 3) of appropriate dimensions such that the following linear matrix inequalities (LMIs) hold:
Proof. Construct an appropriate LKF as
Then, taking the time derivative of V (t) with respect to t along the system (7) yields: (11) where
From Lemmas 1 and 2, respectively, we obtain the fol-lowing inequality:
and
From the system (7), the following equation holds:
where S1, S2 are free matrices with appropriate dimensions. By substituting (12)- (16) in (11), and defining an augmented state vector ζ(t) as
ThenV (t) can be expressed aṡ
Now, for a prescribed scalar γ, consider the performance index J(ω), by adding z(t)
T z(t) − γ 2 ω T (t)ω(t) to the both sides of (17), we can rewrite (17) aṡ 
Now, when ω(t) = 0,V (t) < 0, then, the system is asymptotically stable. For ω(t) = 0, integrating both sides of (20) from 0 to t, and letting t → ∞ with zero initial condition, we get
That is ||z(t)||2 < γ||ω||2, so the closed-loop system (7) has an H∞ disturbance attenuation level γ, under zero initial conditions. Applying the Schur complement to (19), we deduce the LMIs stated in Theorem 1.
Non-fragile robust H H H ∞ controller synthesis
In this section, based on the result stated in the Section 3, we now design a non-fragile state feedback controller (5) to make system (1) robustly asymptotically stable with the disturbance attenuation γ . Theorem 2. Given scalars γ > 0, 0 ≤ h1 ≤ h2 and μ, system (1) with the non-fragile controller (5) 
In this case, an appropriate non-fragile state feedback controller can be chosen by (9) and separating the uncertain ΔK, we have
Proof. Firstly, replacing A, C by
From Lemma 4, we have
where Γa = (S1B) Applying the Schur complement to (26) and (27), we have
Now, in order to obtain an LMI based result, we set S1 = S2 = X −1 , where X is a nonsingular matrix.
Then pre-and post-multiplying (28), (29) 
we deduce the LMIs stated in Theorem 2.
Numerical examples
In this section, two examples are given to demonstrate the improved H∞ performance analysis criterion as well as non-fragile H∞ control results obtained in this paper.
Example 1 [14] . Consider time-delay system (1) 
In this example, we will provide two performance indexes, that is the H∞ performance index γ and the upper bound h2. For comparing our results with those in [11, 12, 14, 19] , we assume μ = 0 and h1 = 0. Table 1 gives the maximum allowable delay bound h2 for a prescribed γ. Table 2 gives the minimum allowed γ for a given h2 . Through the comparison in Tables 1 and 2 , it can be found that for a prescribed performance index γ, Theorem 1 can allow larger delay bound; on the other hand, for a prescribed upper bound h2 of the delay, we can obtain smaller γ. Hence the stability criterion in Theorem 1 is less conservative than those in [11, 12, 14, 19] .
Example 2 [29] . Let us look into a practical example of a linearized model of aircraft control system, vertical takeoff and landing (VTOL) control problem of helicopters described by Note that the unforced system is unstable for the delayfree case, the state x(t) of the open-loop system is shown in Fig. 1 . The state trajectories of the system under the non-fragile controller are shown in Fig. 2 . Clearly, system (30) with the non-fragile state-feedback controller (5) is asymptotically stable. Next, for comparing the robust controller with the nonfragile controller, we take the state x1(t) as research object. Under the same condition, the following Fig. 3 is showing the state trajectories of x1(t) under the controller K1 and K2 . From the above figure, we can see that when there exist some perturbations in the feedback controller gain, the non-fragile controller can tolerate some level of controller gain variations and has better performance than the normal robust H∞ controller.
Conclusions
In this paper, we have studied the problems of non-fragile H∞ control for a class of linear systems with interval timevarying delay. The key features of the approach include an appropriate LKF with triple-integral terms, augment terms and a tighter integral inequality for bounding the crossterms without neglecting any useful terms, thus more information on the time delay can be employed, and hence it yields less conservative delay-range bounds. Numerical examples have illustrated the effectiveness of the proposed method.
